ABSTRACT To study the fundamental dynamics of the nonequatorial space elevator, a universal modeling strategy is presented, which applies to any anchored latitude. The equations of motion are established on the basis of the lumped mass model of the tether coupled with an interactional elevator. The relationship between the maximum anchored latitude and the design stress is studied by solving the equilibrium equations. The linearized equations of motion are formulated on the basis of the static equilibrium positions to analyze the modal of the tether. Numerical simulation is performed to analyze the properties of the system with a moving elevator. The results show that a positive correlation arises between the maximum anchored latitudes and the design stress. The fundamental modal and the fifth-order modal are associated with the latitudes considering the frequency and modal shape, respectively. Furthermore, the asymptotically stable characteristics are verified. The amplitude of the residual oscillation is magnified with an increase in the anchored latitude or the elevator speed.
I. INTRODUCTION
The concept of a traditional tethered space elevator involves a long tether/ribbon with one end attached to the Earth's surface somewhere along the equator and the other end attached to a counterweight that is located beyond geosynchronous (GEO) orbit. Payloads can be transported to an arbitrary orbit without using conventional transportation methods [1] - [3] . To be viable, the tether must have a very high strength-to-density ratio to withstand the large tension force applied by the counteracting gravitational and centripetal loads. The current tether materials considered are carbon nanotube composite. Fundamentally, the taper function of a tether with a uniform stress was first derived by Pearson [1] , although the nominal strain was not considered. Subsequently, Cohen and Misra [4] derived another taper function that considered the tether's longitudinal deformation. Since that time, some dynamic analyses on the traditional space elevator have been carried out. Such dynamic analyses include system stability on the basis of the modal analysis [4] , [5] , dynamic response with a moving elevator on the tether [5] - [8] and the suppression of oscillation by control or optimization of the elevator motion [7] , [9] , among others. Thus far, the research on traditional tethered space elevators has achieved rewarding results; the construction of the space elevator system is expected to be completed in approximately 2037, and operations may begin thereafter [10] .
To date, the vast majority of studies have focused on the traditional space elevator being anchored on the equator because the equilibrium of the tether is easiest to understand in this case. However, the heavily occupied geosynchronous orbit increases the risk of collision [5] , [11] . In addition, the tether should avoid areas involving the most intense radiation of the Van Allen belts [12] , which is particularly important for the transportation of humans. In fact, nonequatorial space elevators, which have more flexibility in the selection of the anchor location, can help address the abovementioned problems. Their major difference with the equatorial elevators is that the tether is located entirely on one side of the equatorial plane. Therefore, the tether would also be inclined towards the equatorial plane owing to gravity. The taper function for the tether/ribbon is still the foundation of dynamic analyses. Gassend [13] presented the continuous taper function of a uniform-stress tether in a general potential field. However, the tether's spatial configuration is difficult to obtain by analytical means for the nonequatorial space elevator. Cowan and Leonard [14] calculated the tether's taper profile on the basis of a finite segments model of the tether, which did not need to consider spatial configuration.
Indeed, it is recommended that the model used to calculate the tether's taper profile and spatial configuration should be consistent with the dynamic analysis to avoid calculation error. Therefore, the finite segments model will be simplified as a lumped mass tether model that is sufficiently precise and widely used in the dynamic analysis of tethered space systems.
This paper is concerned with the dynamic properties of a nonequatorial space elevator system with a moving elevator on the tether. Thus, a universal model applicable to any latitude is established and described in Section II. Then, these equations are linearized by applying the cosine theorem and the binomial theorem on the basis of the equilibrium position to perform a modal analysis in Section III. Meanwhile, the configurations and the maximum deployment latitude of the tether are studied in this section. Section IV describes the investigation of the effect of the latitudes on the system dynamic response with a propelled elevator moving along the tether at different velocities. Finally, the conclusions and planned future work are presented in Section V.
II. MATHEMATICAL MODEL
Tether modeling is a fundamental aspect with extensive supporting literature, pertaining in particular to the studies of tethered satellites. From another perspective, the space elevator is an extreme version of a tethered satellite [15] . In the modeling approaches for the tether, the lumped-mass model has been used extensively for the tethered system in the space environment [5] , [16] - [20] . The lumped mass approaches physically discretize the tether/cable into a significant number of discrete masses. The adjacent masses are connected by viscoelastic springs. This modeling approach is employed herein. To ensure the model has high fidelity, the full interaction between the elevator and the tether should be considered [5] . In this study, the elevator is integrated into the system as an independent lumped mass. 
A. MODEL DESCRIPTION AND TETHER DISTRIBUTION
The nonequatorial space elevator system is the generalized form of the traditional one. Similarly, the model comprises a tether, elevator and counterweight, as shown in Fig. 1 . The symbol θ 0 is used to describe the anchored latitude of the tether. The tether has a nominal (unstressed) length of L. With the application of the lumped-mass model, n masses are used to represent the tether. The masses are numbered beginning from the Earth side and ending at the counterweight side.
The counterweight is also idealized as a point mass m c relative to the tether, which has a large length. An elevator carrying cargo having a total mass m e moves along the tether into space. The entire system rotates around the Earth's axis with the Earth's rotation angular velocity ω E .
Let EXYZ be the rotating coordinate frame at the Earth center. e = e 1 , e 2 , e 3 is the base vector of the coordinate frame. r i is the vector from the origin of EXYZ to the i-th lumped mass. Then, the displacement of the lumped mass i can be expressed as
where r i = x i , y i , z i is the projection of the lumped mass in the Earth rotating coordinate frame. For the discrete model to be more reasonable, the tether should be tapered because of the uniform stress. Hence, the discrete masses that are distributed uniformly along the tether are usually nonuniform masses. The lumped masses are treated as if they are located in the center of each segment, and the adjacent two masses are joined together with a viscoelastic spring, as shown in Fig. 2 . The mass of the i-th element is calculated as follows:
where γ is the density of the tether material, A i represents the cross-sectional area on the left side of the i-th segment, and l i is the unstrained length of the i-th segment. The relative displacement d i of two lumped masses represents the tensile state of the spring. The unstrained length of each spring is defined as L i = (l i−1 + l i )/2. Note that the spring tension force equals zero when the modulus of the relative displacement is less that the unstrained length, i.e., d i < L i , because of the flexibility of the tether. The relative displacement of the i-th mass from the (i−1)-th mass is written as:
where r 0 is the displacement of the anchorage on the Earth surface.
B. DYNAMICS EQUATIONS OF THE TETHER
The derivation of the model is presented in the rotating coordinate system, as shown in Fig. 1 . A straightforward Newtonian approach is used to derive the equations of motion. The displacement of each lumped mass containing VOLUME 6, 2018 a counterweight was previously described in (1) . Hence, the inertial acceleration vector of any mass is the secondorder derivative of the displacement as
The angular velocity matrix, i.e., ω = 0, 0, ω E is obtained from the transformation matrix of the coordinate frame.
The dynamics equations of these masses are derived under the assumption that only the gravity, tension and damping forces are present. However, there are various disturbance factors from the real environment, such as J 2 gravitational perturbation, lunisolar perturbations, and the wind load. We plan to study these influences in the future. The dynamics equations of the system (no elevator) can be written as:
where the superscripts (g), (s) and (d) represent gravity, spring, and damping forces, respectively. These forces are defined in the following subsections.
1) GRAVITY FORCES
The force of gravity is calculated on the basis of the instantaneous displacement of the discrete mass. The expression is written as:
where µ is the gravitational constant of the Earth.
2) TENSION FORCES
Tether tension produces a tether tensile state. In this case, the corresponding tension can be determined via Hooke's law
is the spring stiffness of the tether element and E is the Young's modulus of elasticity. However, no tension force exists when the tether is in a state of relaxation. The tension forces acting on each mass can be written as:
Note that Equation (7) must be modified because of the presence of a moving elevator. The modified equation is presented in (14) . The resultant spring force on the i-th mass is
3) DAMPING FORCES
The damping forces acting on the masses can help attenuate the vibration energy and improve computational stability. To calculate the damping force, it is assumed that there is a relationship between the damping force and relative displacement rate, i.e.,
where C is the damping constant. The damping force is the same as the tension force in the case of tether relaxation. The expression for the damping force is:
The total damping force acting on mass i is obtained as:
Thus, the dynamic equations of the free-moving system (no elevator) are considered established.
C. COUPLING OF ELEVATOR DYNAMICS
In many models of space-tethered systems, the elevator is integrated into the tether dynamic equations via kinematic relationships of the tether length on one side of the elevator [7] - [9] , [21] - [24] . Thus, it is challenging to reflect the local coupling oscillation between the elevator and tether segment. To fully describe the dynamic characteristics of the elevator, the coupling of the elevator with the tether requires special consideration. The elevator is also regarded as a lumped mass that contacts the tether at a point. It can be imagined that the main coupling forces are the spring tension forces and the friction forces. However, only gravity and the propulsive forces are considered external forces. (11) where the superscripts (N ), (f ) and (p) represent normal force, friction force and propulsive force, respectively. Note that the Coriolis forces will cause a bowing effect on the tether when the elevator moving along the tether. A normal force is produced in this case. The detailed derivation of these forces is given in the following subsections.
1) DEFINITION OF DIRECTION OF FORCES
The elevator will contact various tether segments as it moves along the tether. Thus, the external forces on the elevator change at each instant with the position of the elevator. If this aspect is not addressed, the oscillation of the tether could adversely affect the motion of the elevator. Williams [5] computed the forces on the basis of two vectors of the current position of the elevator on the local tether segment, i.e., q 1 and q 2 , as shown in Fig. 3 .
A more important assumption is that the unstrained length of the tether element is segmented via the current position of the elevator. According to the principle of the series spring, we can verify that the tension forces on both sides of the elevator are equal. The value of the tension forces is calculated as follows Equation (14) illustrates that the direction of the normal force is along the direction of a normal vector n that bisects the angle formed by −q 1 and q 2 . The direction of the friction force and the propulsive force is defined as the direction of the tangent at the contact point. Hence, a plane composed of normal and tangential vectors is used to define the external forces. This local coordinate frame is formed by the unit vector k N normal to the plane, the normal vector n and the tangent vector t, as shown in Fig. 3 a.
Special attention should be paid to the emergence of singularities when the elevator is close to a lumped mass [5] . In such a case, the stiffness of the spring tends towards infinity because of q 1 or q 2 approaching zero in (14) . To solve this problem, a proximity tolerance is defined. The value of the proximity tolerance, R min , should be appropriate for the conditions. The vector q 2 is redefined as the vector between m e and m i+1 when the elevator is within the scope of the tolerance. The corresponding variables in (14) are adjusted accordingly. For instance, the spring stiffness K * i is adjusted as:
The unstrained length L * i is also adjusted accordingly. This method of dealing with the singularities may lead to the speed oscillation problem of the elevator in the simulation. The cause of the oscillation is the direction mutation of vectors t and n. The phenomenon is more prominent with increasing elevator altitude along the tether.
To reduce the oscillation problem generated, the vectors t and n are modified in this section. The modified local coordinate system is shown in Fig. 3 b. The unit vector k N , which is normal to the plane containing the vectors t and n, remains unchanged; thus, the resulting expression is as follows:
Here, a unit transition vector between m i and m i+1 is used to define the other vectors of the local coordinate frame
The normal vector n at the point of contact is redefined as:
The tangent vector t at the point of contact is redefined as:
The normal forces acting on the elevator are the tensions of the two subsegments of the local elevator tether segment projected onto the direction of the normal vector.
This expression allows for two cases when the normal force exerted on the elevator is zero. In one case, the tensions in the local elevator tether segment equal zero. In the other case, the subsegments in the local elevator tether segment are parallel.
3) FRICTIONAL FORCE
In most elevator structures, the elevator is propelled by pinch rollers. Generally, a frictional force, i.e., traction, braking or parking, exists during the entire process of elevator operation. The kinetic frictional force is generated when relative slip occurs between the pinch rollers and the tether/ribbon. In this case, reactions of the tension forces are generated as the result of ribbon deformation. The normal force was used to calculate the kinetic friction in [5] ; however, this factor has only a small impact on the coupling movement.
At this moment, the frictional forces depend on the gravity and the propulsive force as the elevator is parked in a certain position of the tether. The friction is generated tangentially to the tether in the direction of the vector t, as defined by
4) EVALUATION CONDITIONS OF THE PASSING POINT MASS
As the elevator moves along the tether, the conditions under which the elevator arrives at the next tether segment should be established. The strategy adopted in this paper is to compute the modulus of the vectors q 1 and q 2 and the angle β between the two vectors. The local elevator tether segment will be updated as the following conditions are satisfied:
This procedure avoids situations in which the tether may be coiled. In particular, the local elevator segment may be retrogressed as a result of the oscillation of the lumped masses. This procedure is sufficient for all situations. VOLUME 6, 2018 III. MODAL ANALYSIS Equation (5) cannot be directly used to perform a modal analysis because of some nonlinear terms in the force of equations. The cosine theorem and binomial theorem are used to linearize the kinetic equations around the equilibrium position to obtain the Jacobian of the system (no elevator). The equations of an equilibrium configuration can also be achieved from the static equilibrium equations. Then, a modal analysis can be performed by calculating the eigenvalues and eigenvectors of the Jacobian, through which the stability of the system for a particular tether configuration can be simultaneously revealed. 
A. LINEARIZATION OF THE EQUATIONS OF MOTION
In this section, the equations are linearized on basis of the equilibrium position and the relative displacement of the lumped masses, as shown in Fig. 4 . R i is the static equilibrium displacement of the lumped masses in the rotating coordinate frame. ρ i is the relative displacement of m i between the instantaneous position and the static equilibrium position. Hence, the instantaneous displacement of m i in the rotating coordinate system can be defined as
By substituting (23) into (4) and simplifying, the equations of motion of the tether can be rewritten as
However, the equations of gravity, spring, and damping forces are complex nonlinear equations in the tether dynamic equation. Hence, a premise condition is proposed in which the mode of the relative displacement ρ i is significantly less than the mode of the static equilibrium displacement R i for the lumped mass m i (i.e., ρ i /|R i | 1). In such a case, the nonlinear term 1/|r i | 3 in the gravity equation can be linearized via the cosine theorem and binomial theorem 1
The gravity equation after linearization can be obtained as follows by substituting (23) and (25) into (6) , ignoring the small high-order nonlinear terms, and simplifying:
where R i is the dyadic tensor of the static equilibrium displacement R i , calculated as follows:
The equations of tether tension and damping force are linearized in the same way. The nonlinear term 1/|d i | in (7) and (9) can be simplified as 1
where
The equations of the tension and damping forces after linearization are obtained as
Once (24)- (32) are solved, the results can be substituted into (5) for each mass. Then, the system (no elevator) dynamic equations can be simplified as
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B. TETHER RADIAL EQUILIBRIUM CONFIGURATIONS
Care must be exercised during the implementation of modal and dynamic analyses because the constant term, which denotes only the static equilibrium displacement, should equal zero, i.e.,
The discrete approach described by (35) is used to study the static characteristics of the nonequatorial space elevator, which also correspond to the range of deployed latitudes in the equilibrium configurations. For a uniform-stress tether, the nominal strain can be written as ε 0 = σ 0 /E, where σ 0 is the design stress of the tether. Thus, the length of the nominally stretched tether element is given by
To describe the bending deformation of the tether, the droop angle α i is introduced, as shown in Fig. 5 . Numerical simulations are conducted to calculate the tether's spatial configuration and the maximum deployment latitude by solving (35). One parameter, typically the initial cross-sectional area or the counterweight's mass, should be defined prior to solving (35). In the current cases, the initial cross-sectional area of a 5-mm 2 tether is adopted. The unstrained length of the total tether and each tether element are 100,000 km and 100 km for the equatorial space elevator, respectively. The density of the tether material is 1,100 kg/m 3 . The counterweights are located at the same height to ensure that the ratios of the counterweight mass to the tether mass are approximately equal. Note that this value is important to the coupling of the counterweight motion to the tether modes, which is largely a function of the tether tension and the mass ratio. These equations can be solved using the least squares method. MATLAB has a tool package called FSOLVE that is available to implement the abovementioned method. The simulation results are shown in Fig. 6 and Fig. 7 . Fig. 6 shows the results of the inclination (i.e., droop angle at anchor α 1 ) as a function of deployed latitude. The inclination increases with the increase in the deployed latitudes. Each line represents a different value of design stress, and the red line denotes the limit case of the maximum reachable latitude. The maximum reachable latitude occurs when the tether and the ground are tangential at the anchorage point (i.e., α max ≤ 90 • − θ 0 ), implying that the system can only support itself. The results show that the maximum reachable latitude is sensitive to the effects of the design stress. Note that for a design stress of 20 GPa, the maximum reachable latitude is approximately 21.5 • . However, the value of the maximum reachable latitude increases to 51.8 • when the design stress increases to 70 GPa. These results depend greatly on the material of the tether. Fig. 7 shows the equilibrium configurations for several deployed latitudes. Note that the scale is different along the x-and y-axes. The design stress is set to 60 GPa to achieve a wider deployment range. The latitudes start in the range from 0 • to 40 • . The ratio of the counterweight mass to the tether mass is approximately 0.742. From the above two diagrams, the results suggest that avoiding the heavily occupied GEO orbit is easy. However, the tether requires a higher design stress to anchor at higher latitudes to avoid the most intense areas of the radiation belts, which extend over 2,000 km above the equatorial plane.
C. NUMERICAL SIMULATION OF MODAL ANALYSIS
A modal analysis is performed using (34). The system Jacobian can easily be obtained when the equilibrium configuration is achieved using the methodology described earlier.
The stability information and modal data of the system are VOLUME 6, 2018 revealed from the eigenvalues and eigenvectors of the system Jacobian.
To study the influence of the deployment latitude to the modal of the tethered system (no elevator), the parameters of the system are consistent with Fig. 7 . Three kinds of tether spatial configuration are used to perform a modal analysis. Note that the system is undamped, including the longitudinal damping of the tether material.
Figs. 8-14 show the first seven modes of the system anchored at various latitudes. The amplitude of vibration is arbitrary due to the linear vibration hypothesis. Fig. 8 shows the system fundamental mode, which is a pendular mode centered on the anchorage point. In this mode, the counterweight moves with the maximum amplitude only in the XY plane of the rotating frame, irrespective of the system inclination. The oscillation period is approximately 124 h, with a negative real part of the eigenvalue of −1.974×10 −10 for the equatorial space elevator, whereas the period is approximately 139.5 h when θ 0 = 30 • . Similarly, the second-order mode is also a pendular mode, except that it is perpendicular to the equatorial plane shown in Fig. 9 . The period of this mode is not sensitive to the deployed latitudes, and the value of the period is approximately 23.5 h with a negative real part of the eigenvalue of −5.515×10 −9 . This period is slightly less than the one of the Earth's rotation. Fig. 10 shows the third-order mode of the system, which is similar to the second bending mode of a cantilever beam in the equatorial plane. In fact, the tethered system can be regarded as a curved cantilever beam for the nonequatorial space elevator, in which one node is located adjacent to the counterweight. The period is approximately 8.1 h for the equatorial space elevator. There is a small increase of 0.05 h in the period when the system is deployed in a direction of 30 • north or south. The fourth-order mode, shown in Fig. 11 , has a mode shape that is similar to that of the third one. However, the vibration plane is perpendicular to the equatorial plane. The periods in the three cases are 7.67 h, 7.7 h and 7.8 h. Hence, except for the case of the first pendular mode, the modes are not sensitive to the deployed latitude. The third and fourth modes have a negative real part of the eigenvalue, which indicates that these modes are stable.
The fifth-order mode, shown in Fig. 12 , demonstrates some differences, mainly embodied in the tether longitudinal direction of the movement for the equatorial space elevator, whereas the mode contains the coupling movement on the Z-axis direction for the nonequatorial space elevator. The mode shapes, shown in Figs. 12 b and c, are similar to the third-order bending mode of a cantilever beam. The position of one node is near the position where the inclination of tether is leveling off, whereas another node is near the position 74946 VOLUME 6, 2018 adjacent to the counterweight. This mode is also stable, with periods of approximately 6.44 h, 6.5 h and 6.7 h.
Figs. 13 and 14 show 6th and 7th modes respectively, which correspond to the third bending mode of a cantilever beam in the directions of two mutually vertical planes. It is obvious that the node on the right is much closer to the counterweight than the one of third-order and fourth-order modes. However, another node is much closer to the middle of the tether than it is for the fifth mode, as shown in Figs. 12 b and c. The periods of the modes are 4.16 and 4.1 h for the equatorial space elevator. It is evident that the period is not sensitive to the deployed latitude. Notably, the peak of the amplitude closer to the counterweight is larger than the one closer to the Earth.
From the abovementioned linear modal analysis, the counterweight apparently oscillates in conjunction with the tether modes. Except for the first-order modes, the periods of the modes are insensitive to the anchored latitudes. In addition, the motion of the fifth-order mode couples with the motion along the Z-axis for a nonequatorial space elevator on the basis of an equatorial space elevator. It is notable that the system is stable for all modes.
IV. DYNAMIC RESPONSE OF THE SYSTEM WITH AN ELEVATOR CLIMBING TO GEO ORBIT
To study the dynamic response of the system as an elevator climbs to GEO orbit, various numerical simulations are implemented, with consideration of the nonequatorial space elevator in particular. To force the elevator to run at a specified speed profile, a proportional-integrator (PI) control method is used to correct the propulsive force. The speed profile of the elevator is prescribed directly in the kinematic analysis. Then, a parametric study of the effects of climbing speed and deployed latitude on the tether response is carried out.
A. ELEVATOR MOTION AND CONTROL
In this section, the speed of the elevator V (t) is prescribed using a particular type of ascension from its initial altitude H i to its final one H f , and a PI controller is used to accommodate the elevator moving with the prescribed speed profile when the elevator is propelled by an external force.
The principle of designing the speed of the elevator is to make it continuous and without mutation. The speed curve of the elevator is divided into three phases of duration: T a , T c and T d [8] . In phase 1 and phase 3, the acceleration varies according to the half-sinusoid curve. Hence, the speed of the elevator could change smoothly and continuously from zero to cruise speed, or from cruise speed to zero. In phase 2, the elevator maintains this cruise speed. The expression is defined as:
where v c is the cruise speed, T ac = T a +T c and T ad = T ac +T d are the time parameters. The expressions for acceleration can be determined through differentiation. Note that the acceleration initially equals zero at both the breakpoints and the end of the motion. In practice, the duration of the acceleration phase should be reasonable after determining the operating power and air resistance of the atmosphere in comprehensive consideration. Therefore, the parameter of the atmosphere height H a is introduced to compute the duration of the acceleration phase, i.e., T a = 2H a /v c .
To conduct a parametric analysis, an acceleration limit a max is assigned to the elevator movement in phase 3. Hence, the duration of the deceleration phase is T d = πv c /(2a max ). Then, the prescribed motion is defined by only four parameters: H a , H f , v c and T d . The motion can be written mathematically in terms of these parameters as:
In the dynamic model, the motion of the elevator is achieved through an external force. For the elevator to be able to track a specified velocity profile, a PI controller [11] is used to produce a response that tracks the velocity curve accurately. The expression of the propulsive force is as follows:
The prescribed elevator speed V (t) is the input. The error signal is calculated from the tangential velocity of the elevator on the tether, V e (t). The proportional gain K P and the integral time constant K I are used to calculate the required propulsive force. Note that the propulsive force calculated from (38) is tangential to the local tether.
At present, the existing methods to determine the optimal proportional gain and integral time constant require the whole closed-loop system to be stable. However, the working point changes with the movement of the elevator, and the transfer function is difficult to give. Therefore, a large number of numerical simulations are used to select these gain parameters under different input signals, so that the control system can respond quickly and track smoothly with small overshoot. Fig. 15 shows the response of the elevator to step input commands of 50 m/s and 100 m/s. The elevator is 1000 kg and starts climbing from the anchor point. The durations of the three phases are set to 1000 s, 3600 s, and 1000 s. The gain parameters are selected as K P = 0.1 and K I = 5. The results illustrate that the control has an additional margin due to the sufficient durations of phases 1 and 3. The elevator speed tracks the specified velocity profile with little overshoot and steady-state errors. Indeed, the robustness of the PI control algorithm is not good, although it can meet the following simulation accuracy requirements. Better control methods can be adopted in future work [25] , [26] . 
B. NUMERICAL SIMULATIONS
It is important to study the dynamic response of the system to the elevator travelling along the tether because there is a possibility for resonance and other dynamic effects to influence the system. This section describes the conduction of two parametric studies: One involves investigating the effect of the deployed latitudes on an elevator moving along the tether from the anchor to the GEO orbit, and the other analyzes the effect of the elevator speeds.
The first parametric study mainly simulates a space elevator for which the anchor is deployed at 0 • -30 • . The elevator begins from rest, accelerates to a cruising speed of 50 m/s, and then decelerates and comes to rest at approximately the GEO altitude. Gain parameters of K P and K I are set to 0.1 and 5, respectively, and the duration of phase 3 is set to 1000 s to reduce the relative error. The other parameters are consistent with these in Fig. 7 . The total simulation time in each case is equal to the time taken to come to rest at the GEO altitude and an additional time of 140 h. The additional simulation time is to enable the occurrence of at least one full cycle of the pendular modes, i.e., a period of 139.5 h. A constant simulation time step of 0.05 s is used for each elevator speed. Note that the time step should be less than the minimum mode period.
For a range of anchored latitudes, the times required to travel to the GEO orbit are calculated and listed in Table 1 . The initial altitude of the elevator is assumed to be 0.1 km. From Table 1 , the longest simulation is of the order of 343 h.
The response of the system anchored at 0 • is shown via projections of the tether(s) and elevator at discrete points in time, as shown in Fig. 16 . The tether remains deflected in the direction of the negative y-axis as the elevator climbs along the tether to the GEO orbit, and the pendular oscillation is always in the equatorial plane. The tether remains predominantly straight before the elevator climbs to a height of nearly half the height to the GEO orbit. Then, the tether tends to move to the static equilibrium position. After a period of time in which it maintains this deflection angle, the tether generates higher-order oscillations. However, the response follows mainly the first mode shape. The peak of the deflection at the end is approximately 12 km, which is equivalent to a tether deflection of 0.0065 • . 17 shows the lateral response of the tether, which is obtained by projecting the tether motion along the line that connects the anchor point to the counterweight. For the results to be distinct, the projections are shown for every 1.5 h. Note that the spacing between the individual tethers on the x-axis is arbitrary. The results show that the lateral oscillations of the tether are minimal relative to the length of the tether. The effects of the first mode of the oscillation can be seen at the anchor-end of the tether at early time points. The higher-frequency modes have a coupled effect on the motion of the elevator. As the elevator height increases, excitation of the higher tether modes occurs, and higher mode amplitudes are attained. The deformation of the tether exhibits fluctuations as a result of the higher-order oscillations. Fig. 18 highlights the effects of the lateral oscillations by directly projecting the oscillations around a fixed axis. The peak of the lateral oscillation is approximately 0.62 km during the transition of the elevator to the GEO orbit. The low amplitude of the oscillation caused by the elevator is largely due to the very high tension present in the tether and the relatively low elevator mass. A higher tension results in less lateral deflection of the tether for a given lateral force. The response of the system for anchored latitudes between 10 • and 30 • are shown in Fig. 19 . The results show a clear progression of the effects of higher anchored latitudes on the lateral dynamics of the tether. The time evolution plots suggest that higher anchored latitudes cause larger lateral pendular oscillations. In contrast to in the case of the equatorial space elevator, the pendular motion of the tether initially deflects to the positive direction of the y-axis, which is consistent with the fact that the orbital velocity of the lumped masses of the tether increases as a result of the tether being inclined to the equatorial plane, affected by the moving elevator. Fig. 20 summarizes the vertical response of the tether by projecting the deflection along the static equilibrium position. For the results to be legible, projections are shown for every 1 h. The response closely follows the predicted mode shape for the second mode. A similar conclusion can be obtained that higher anchored latitudes cause larger vertical pendular oscillations, although the amplitude of the vertical pendular oscillation is much smaller than the lateral oscillation. Fig. 21 highlights the effects of the lateral and vertical oscillations by directly projecting the oscillations around the anchor-counterweight line on the basis of Fig. 20 . The results show that the peak of the lateral oscillation is slightly less than that of the vertical oscillation and that the amplitudes of the higher-order oscillations decrease obviously with increasing anchored latitude. Fig. 22 summarizes the resulting motion of the counterweight after the elevator has stopped moving. The timescale is in hours and is not normalized. Several features are evident from Fig. 22 . First, the amplitude of the oscillation of the counterweight generally increases with increasing anchorage angle. The increase is most dramatic when the system is anchored farther away from the equatorial. The period of the transient oscillation is very close to the predicted value between 124 h and 139 h in the lateral direction and 23 h in the vertical direction, and the amplitude of the transient oscillation does not appear to grow or decay over one cycle. In other words, the low-frequency mode does not appear to be destabilizing in the full nonlinear simulation.
The second parametric study simulates an elevator moving at different cruising speeds along the tether from the anchor to the GEO altitude. In these cases, the anchor is deployed at 30 • . The cruising speeds are set to 50, 80 and 100 m/s, corresponding approximately to the running speeds of the three types of high-speed railway operating in China. Higher speeds, which are challenging to implement, are not studied.
The combinations of the projections over time and the direct projections of the tether shape for speeds between 50 m/s and 100 m/s are shown in Fig. 23 . The results show a clear progression of the effects of higher speeds on the lateral dynamics of the tether. The amplitudes of the lateral pendular oscillations caused by higher transition speeds are almost equal in the process of the elevator climbing to GEO orbit. Note that the tether is in different states when the elevator is climbing to the GEO orbit with different speeds. Hence, the amplitudes of the residual oscillations correspond to different results. Fig. 24 summarizes the vertical response of the tether by projecting the deflection along the static equilibrium position. Again, the projections are shown for every 1 h to ensure legible results. The results show that higher speeds have a small effect on the amplitudes of both the vertical pendular oscillations and the lateral pendular oscillations. In Fig. 25 , the results show that the peaks of the lateral oscillation and vertical oscillation demonstrate only small changes with increasing elevator speeds. Fig. 26 summarizes the resulting motion of the counterweight after the elevator has stopped moving, for speeds between 50 and 100 m/s. Fig. 26 a shows that the amplitude of the lateral oscillation of the counterweight increases with increasing elevator speed. The growth is relatively small between 50 and 80 m/s, whereas it is most dramatic between 80 and 100 m/s, wherein the amplitude increases almost 25 km. The amplitude of the vertical oscillation increases substantially with increasing elevator speed, as shown in Fig. 26 b.
This section addresses the parametric studies conducted to examine the effect of the deployed latitudes and the elevator speeds on the system dynamic response. The results clearly illustrate that the system is stable during the motion to the GEO altitude at different anchored latitudes and transition speeds. Unfortunately, one point of concern has not been analyzed here, namely, the effect of the elevator mass on the tether response. In previous studies, a series of simulations was performed considering changes in the elevator mass for the equatorial space elevator. The results from these simulations show that the maximum amplitude of the lateral oscillation is directly proportional to the elevator mass and that the amplitude increases linearly with increasing elevator mass. However, the problem of interest here pertains to the method of calculation of the payload capacity of the system for a nonequatorial space elevator. Note that a linear relationship does not exist between the payload capacity and the anchored latitudes. Again, the payload capacity of the system is affected by the traveling waves created by the elevator.
V. CONCLUSIONS
This paper has proposed a universal model to analyze a space elevator considering different anchored latitudes. The maximum anchored latitude of the nonequatorial elevator is affected by the design stress of the tether. Linearized equations were formulated by assuming the displacement relative to the static equilibrium position, and the modal analysis was performed. The system is asymptotically stable, as determined by analyzing the eigenvalues. The fundamental period increases with an increase in the anchored latitudes, and the modal shape of the fifth-order modal is influenced when the anchored latitude is not equal to zero because this modal shape of the traditional space elevator is along the tether, whereas the tether of the nonequatorial elevator is curvilinear. In a part of the dynamic analysis, the control algorithm is improved to avoid the generation of the simulation errors of the control system under the condition of a small distance existing between the elevator and the lumped mass. The system with a climbing elevator remains stable with variation in the anchored latitudes and the speed of the elevator. The vibration forms of the tether with a climbing elevator are composed mainly of the first-and second-order modal shapes. The amplitude of the residual oscillation in the vertical or horizontal direction is magnified with an increase in the anchored latitudes or in the speeds of a traveling elevator.
The residual vibration suppression of space elevator systems has always been an important research direction. At present, the main way to restrain the tether oscillation of the space elevator system is to optimize elevator movement. However, the elevator motion does not have enough control authority to damp the out-of-plane motion. Our future work will focus on an idea of energy collection to suppress the vibration. For this method, a piezoelectric material is attached to the surface of the tether. Piezoelectric materials will absorb energy when the tether is deformed due to vibration. The absorbed energy will provide a part of the electric energy of the elevator motion. This method can not only dissipate the vibration energy of the tether but also provide energy for the elevator movement.
